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Oscillating Quintessence 

Je-An GiE 
National Center for Theoretical Sciences, Hsinchu 30013, Taiwan, R.O.C. 

An oscillating scalar field as a quintessence model for dark energy is proposed. The case of a 
power-law potential is particularly intriguing and is the focus of the present article. In this model 
the equation of state Woq of dark energy is a constant determined simply by the power n in the 
potential through Woq ~ (n — 2)/(n + 2). Accordingly, when < n < 1, the oscillating quintessence 
can provide repulsive gravity and drive the cosmic acceleration. The condition for oscillation and 
the constraints from observations are investigated. For this new scenario a specific natural model 
with much less fine tuning is presented. 

PACS numbers: 98.80.-k,98.80.Cq 



Introduction. The existence of the accelerated expan- 
sion of the present universe was discovered in 1998_v_ia 
type la supernova (SN la) distance measurement 
and further reinforced by recent observations @, |j, 
This mysterious phenomenon is one of the most impor- 
tant unsolved problems in this century. Since this discov- 
ery a variety of models have been proposed and many of 
them so far survive under continuingly updated observa- 
tional results. These models involve diverse approaches 
and strategies, including (1) introducing new energy con- 
tents which provide negative pressure and repulsive grav- 
ity, e.g. a positive cosmological constant 0, &l91and a 
dynamical scalar field such as quintessence [lOl [ill Il3 | , 
phantom [lj|, etc., as generally called dark energy, (2) in- 
troducing new ingredients in the geometry /gravity part, 
such as modifying the gravity action Il4l. llSl. Il6| and 
invoking extra dimensions [l3, [H, [11,120, El, M [13], 
and (3) taking into consideration the effects of inhomo- 
geneities of the universe (e.g. see [2J, [2^ and references 
therein). Among these models, quintessence will be the 
focus in the present article. 

For a field (or a physical object) and its possible evo- 
lution patterns, the oscillation-like behavior (including 
orbiting around) is the most familiar because it has been 
seen frequently in nature from particle physics of sub- 
atomic scales, daily lives of human scales, to our uni- 
verse of astronomical scales. Oscillation is therefore the 
most natural mode for a field to consider. Nevertheless, 
with regard to the quintessence as a realization of dark 
energy with negative pressure and repulsive gravity, it 
is straightforward to think that oscillating modes corre- 
spond to excitations or particles that provide nonnegative 
pressure and attractive gravity and therefore can hardly 
do the job. For example 26j, for V — ^m'^ct)'^, the oscillat- 
ing scalar field is a linear combination of sin- and cosine- 
wave modes, cos(fc • x + Oq), while each mode provides 
nonnegative pressure with the equation of state ranging 
from to 1/3, corresponding to the wave number |A:| from 
the small (<C m) to the large (^ m).^ If insisting to uti- 



lize this potential to construct the quintessence model, 
one requires extremely small mass m ^ Hq ^ 10"'^^eV 
and extremely large amplitude \(j)\ ^ AIpi ^ lO^^eV to 
accommodate a slowly (enough) evolving mode (instead 
of oscillation) for dark energy. Accordingly, most of the 
efforts at the quintessence model construction are de- 
voted to slowly rolling evolution patterns under a rather 
smooth and flat potential that dominates over the ki- 
netic energy of the quintessence at all times in the recent 
epoch. For example, in the tracker quintessence model 
[27l [28| the potential goes to zero asymptotically when 
the scalar field goes to infinity along with time, as a re- 
alization of the running away evolution pattern. 

On the contrary, in the present article, a new 
quintessential dark energy scenario involving an oscillat- 
ing scalar field is proposed. In particular, the present 
article is focused on the power-law potential V{4>) = 
M4-"|(/)|" {n > 0,M > 0). In this model, as going to 
be presented, the equation of state of dark energy is a 
constant determined simply by the power in the poten- 
tial: 



WoQ 



n - 



2' 



(1) 



where the subscript "OQ" stands for oscillating 
quintessence. As a result, when < n < 1, we have — 1 < 
WoQ < — 1/3 and accordingly the oscillating quintessence 
can drive the cosmic acceleration. 

Analysis. Consider a Friedmann-Lemaitre-Robertson- 
Walker (FLRW) universe which is described by the 
Robertson- Walker metric, 



ds' 



dt^-a^{t) 



dr^ 



1 — kr"^ 



r^dn^ 



(2) 



and at the present epoch is dominated by pressureless 
matter and quintessence. The quintessence is represented 
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^ The behaviors of the small- and the large-wave-numbcr modes 



are consistent with those of the non-relativistic and the relativis- 
tic particles, respectively |26ll . 



by a scalar field with the Lagrangian density: 



C^V\9\ 



\g'^''{d,(t>){d,.4>)-V{4>) 



(3) 



For the evolution of this universe, the governing equa- 
tions are as follows. 



k SttG SttG . , , , 



AttG 






(p + 3p) 



AttG 



(Pm + P0 + 3p0) , (5) 



3H 



dt 



-^v20 + r(0) = o, 



(6) 



where the Hubble expansion rate H = a/a and the energy 
density and pressure of the quintessence are given by 



P0 



dt 



^(v0)Vy(0), (7) 



Uf)-6^(-^)^-^^^)- («) 



For simplicity, in the rest of the present article, the spa- 
tial curvature and the spatial derivative terms will be 
ignored respectively by the assumption that our universe 
is flat spatially (fc = 0) and the spatial dependence of the 
quintessence is very weak. 

In the present article the following power-law potential 
is considered. 



V{(t>) = Af 



n>0,M >0. 



(9) 



For < n < 1, in order to regularize the potential around 
(j) = 0, the potential is modified as follows. 



Vi4') 



1-^1+ e 



e>0. 



(10) 



This modification can be ignored when \(f>\ 3> e. 

Here we consider an oscillating mode of the 
quintessence whose period T is much smaller than the 
Hubble time, i.e., T <C H^^, and study the quantities 
averaged over a period, (O). From the field equation 
(pl) where the damping term 3H(f> can be ignored for 
T <C H^^, it is straightforward to obtain the relation 
between the kinetic and the potential contributions to 
the averaged quintessence energy density:^ 



(K) = ,:{¥) 



(11) 



where K = (j)'^ /2 and the over-head dot denotes the time 
derivative. Thus, for an oscillating quintessence under a 
power-law potential, the equation of state (averaged over 
a period T or a time scale much larger than the period) 
is a constant determined simply by the power n, as given 
in Eq. ([T]): 



n-2 



I'OQ 



Regarding different Wqq corresponding to different 
power n, several cases are listed in the following table. 



n 


0+ 


0.01 


0.05 


0.1 


0.5 


1 2 4 


WOQ 


-1+ 


-0.99 


-0.95 


-0.9 


-0.6 


-1/3 1/3 



In particular, when < n < 1, the oscillating 
quintessence provides negative pressure and repulsive 
gravity with the equation of state between —1 and —1/3, 
and therefore has the ability to drive the cosmic expan- 
sion to accelerate. 

In addition to the equation of state, the other two es- 
sential quantities are the energy density poQ and the pe- 
riod T of the oscillating quintessence: 



PoQ = (P^) = (K) + (V) = (l + f ) {V) 



K, 



4— n I J, in 



AP-"|0| 



(12) 



where the subscript "max" denotes the maximal value 
within a period T and |(?!)|max stands for the amplitude of 
the oscillation; 



or 



r = 
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where the Planck scale Mpi = G^^'^ ^ 1.2 x lO^^GeV 
and the total energy density p in unit of the current value 
[p(0) = pc] as a function of the redshift z is as follows. 

P{z) ^ p{z)_ 

P(0) Pc 

= r!oQ(l + z)W(2+") + f^^^(i + ^)3 ^ f^^(i ^ ^)4^ (^5) 



The derivation is similar to that of the virial theorem. 



if only the contributions from qviintessence, matter and 



photons are considered. For the present time we have 

V3 r(i) 



HqTo — 



n r(i 



n 



OQ 



r(^) 
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M 

n 



-1/2 
OQ 



M 
|'/'|max(0) 



M, 



Pl 



(16) 



where "0" denotes the present time. 

Requirements and Constraints. According to the ob- 
servational results, we have the following information 



as our input [2£ 



Ho = 73kms"^Mpc"\ Pc ^ 4.3 x 
0.24, n.y = 4.6 X 10^5^ the dark en- 
ergy ("x") density fraction fl^ = 0.75 and the equation 
of state Wx < —0.9 (Icr) (for the case of a constant Wx_)- 
For the oscillating quintessence to play the role of dark 
energy, from Eqs. ^ and p^ the constraints w^ < —0.9 
(Icr) and fix — 0.75 respectively requires 



< n < 0.1 

r4 — nl 



l^nax(O) = M4-"|0|r„ax(O) 



0.75pc = 3.2x 10"" eV^ 



(17) 



(18) 



as two conditions for the three parameters, n, M and 
|</'|max(0), in the power-law potential. 
The condition for the oscillation is 

HT <C 1 from the present back to some early time. 

(19) 
The condition at the present time {HqTq <^ 1) requires 



M> 



r(-) 



.V3nr(i-Hi) 

or, equivalently, 

s. 

|(/>|max(0) < 



^l/n-1/2 1/„^^_1 



r(-) 



V3nr(i + i) 



(20) 



(21) 



i.e., the current amplitude of the oscillation |0|max(O) 
should be smaller than or roughly around the same scale 
of the Planck scale Mp\. 

In addition, the condition HT <^ 1 gives a lower limit 
to the time, i.e. an upper limit to the redshift z, with 
respect to the beginning of the oscillation. From Eqs. 
dTH-ITll), we have 

HT 



HqTq 



(i + z)3(2-")/(2+"VpWM0) 

Fn{z), (22) 



where the ratio of the total energy density, p{z)/p{0), is 
given in Eq. (fTS]) . Note that, for < n < 1, F„{z) is 
a monotonically increasing function of z. Accordingly, 
HT ^ 1 requires 



Z ^ Zn 



= F-i 



1 



HqTq 



(23) 



Several examples with various values of n and M fulfill- 
ing the above constraints and requirements are listed in 
Table m Among these examples the case with n ~ 0.1 and 
M ~ pJ is particularly interesting. In this case both 
the two free dimensionful parameters, M and |(/)|max(0), 
are on the same scale of pj , i.e., the energy scale of the 
present universe regarding the energy density. In addi- 
tion, the period of the oscillation at the present time Tg is 
also roughly around the same scale, pZ , and the oscil- 
lation started around 2 = 7 x 10^ when the temperature 
of the universe was around lO^K (i.e. IkeV). 



TABLE I: Examples with various values of n and M for 
demonstration. 



(1) n = 0.5, WoQ = -0.6, M > 1.6 lO-'^eV, 



.(0) 



< 19 



M 


(Pc) 

2.56 10"^eV 


eV 


MeV 


TeV 


(A^pi) 
lO^^eV 


log ^3^ 
log HoTo 

log 2:max 


-31 
-30 
8.3 


-49 

-48 

13 


-91 

-90 

24 


-133 

-132 

35 


-245 

-244 

65 



(2) n = 0.1. Wo 



-0.9, M > 4.3 lO-^'eV, 



N-lmaxCO) 



<40 



M 


(p.) 

2.56 10-^eV 


eV 


MeV 


p' 
TeV 


(Mpi) 
lO^^eV 


log^^ 
log HoTo 

log Zmax 


-32 

-30 
6.9 


-133 
-131 

28 


-367 
-365 

78 


-601 

-599 

128 


-1225 

-1223 

260 



(3) n = 0.05 


■WoQ = - 


0.95, 


M > 10-^eV, 


|0|max(O) 


<57 


M 


(p.) 

2.56 10" 


^eV 


eV 


MeV 


TeV 


(Mpi) 
lO^^eV 


log HoTo 

log Zmax 


-33 
-31 
6.9 




-238 

-236 

49 


-712 

-710 
147 


-1186 

-1184 

244 


-2450 

-2448 

505 



(4) n = 0.01 



lOoQ = -0.99, M > 2 10-^eV, Mk^ < 126 



M 


(Pc) 

2.56 lO^^eV 


eV 


MeV 


TeV 


(Mpi) 
lO^^eV 


log^-fl 
log HoTo 

log Zmax 


-43 
-41 

8.7 


-1077 

-1075 

217 


-3471 

-3469 

698 


-5865 

-5863 

1180 


~-10* 

lO"* 

2465 



Summary and Discussion. It has been shown in the 
present article that it is possible for an oscillating scalar 
field to generate repulsive gravity and play the role of 
dark energy. This is contrary to the usual thinking that 
oscillating modes correspond to excitations or particles 
that provide nonnegative pressure and attractive gravity. 

The case of the power-law potential is particularly in- 
triguing. In this case the equation of state of the oscil- 
lating quintessence Wqq is a constant determined simply 
by the power n in the potential. In particular, when 
0<n<l,— 1< WoQ < — 1/3 and accordingly the os- 
cillating quintessence has the ability to provide repulsive 
gravity and drive the cosmic acceleration. In addition. 



the cases (n, Wqq) = (1, —1/3), (2, 0), (4, 1/3) are also es- 
sential and interesting. 

Several constraints on the parameters in the poten- 
tial — the power n, the energy scale M and the cur- 
rent amplitude of the oscillation |(/'|max(0) — are given 
by observations and the condition for oscillation. The 
observational results about the equation of state and 
the energy density of dark energy, w^ < —0.9 (lu) 
and fix — 0.75, respectively requires < n < 0.1 and 
M4-"|(/)|^^^(0) ~ 10"" eV^. The condition for oscilla- 
tion, HT ^ 1 from the present back to some early time, 
further requires |0|max(O) ^ Mpi and gives an upper limit 
to the redshift, Zmax, with respect to the beginning of the 
oscillation. 

Among the examples satisfying the observational con- 
straints and the oscillation condition, the case where n ~ 
0.1 (woQ ^ -0.9) and M ~ |(/)|„iax(0) ~ p^'' - IQ-^ eV is 
particularly interesting. In this case the only two free di- 
mensionful parameters in this model, the energy scale M 
in the power-law potential and the current amplitude of 
the oscillation |0|niax(O), are both on the scale of the en- 
ergy density of the present universe. In addition, the pe- 
riod of the oscillation at the present time is also roughly 
around the same scale, pc ■ This is much less fine 
tuned and therefore much more natural, especially when 
compared with the case of V^ = im^0^ where it is re- 
quired that m <^ Hq ^ 10^'^^eV (extremely small) and 



\(j)\ ^ Mpi ~ lO^^eV (extremely large) for realizing dark 
energy and driving the cosmic acceleration. 

The oscillating quintessence opens a new scenario that 
is very different from the running away quintessence and 
other slowly rolling evolution patterns involved in most 
of the current quintessence models. In this scenario the 
quintessence in the recent epoch is oscillating in time, but 
not slowly rolling and not always potential-dominated. 
This oscillating scenario may be extended to phantom 
and other dark energy models involving one or more 
scalar fields (or even other kinds of fields). This new sce- 
nario largely extends the scope of the model construction 
for dark energy played by quintessence and other fields, 
in particular, while the oscillation-like behavior (includ- 
ing orbiting around) is much more familiar and much 
more frequent to see in nature of all scales from the very 
small to the very large. Accordingly this may provide 
a link between the microscopic fundamental physics and 
the cosmic-scale accelerated expansion driven by dark en- 
ergy. 
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